The paper deals w i t h t h e c a l c u l a t i o n o f t h e s t a r t i n g t o r q u e r a t i o of t h e permanent magnet, s e r i e s , and shunt e x c i t e d dc motors when powered by s o l a r c e l l a r r a y s f o r two cases: w i t h and w i t h o u t a maximum power p o i n t t r a c k e r (MPPT).
INTRODUCTION D i r e c t c u r r e n t ( d c ) motors a r e used i n photov o l t a i c (PV) d r i v e systems [ l -6 1 , f o r example, i n c o o l i n g a p p l i c a t i o n where t h e motors d r i v e r e c i p r oc a t i n g vapor compressors, and i n water-pumping systems f o r i r r i g a t i o n or water supply where motors d r i v e p o s i t i v e displacement or c e n t r i f u g a l pumps. I n a d i r e c t coupled ( w i t h no b a t t e r y s t o r a g e ) PV
system, t h e s o l a r c e l l a r r a y i s d i r e c t l y connected t o t h e motor-load couple. These systems a r e r e l at i v e l y simple and inexpensive t o o p e r a t e . A d i r e c t coupled system may i n c l u d e a maximum power p o i n t t r a c k e r (MPPT) t o improve i t s performance whenever i t i s needed [71.
The s t a r t i n g t o r a t e d t o r q u e r a t i o and t h e v a r i a t i o n o f t h e s t a r t i n g t o r q u e w i t h i n s o l a t i o n
a r e i m p o r t a n t c h a r a c t e r i s t i c s o f a dc motor. For v a r i o u s dc motor types these values a r e d i f f e r e n t , and s i n c e dc motors may be used i n d i f f e r e n t a p p l ic a t i o n s i n PV systems, these c h a r a c t e r i s t i c s a r e t o be c a l c u l a t e d by t h e PV system d e s i g n e r . The paper deals w i t h t h e c a l c u l a t i o n o f t h e s t a r t i n g t o r q u e f o r t h e permanent magnet, s e r i e s and shunt e x c i t e d dc motor for two cases: ( 1 ) when an MPPT i s n o t i n c l u d e d i n t h e system and ( 2 ) when an MPPT i s i n c l u d e d i n t h e system. f o r t h e v a r i o u s motor types was made w i t h some assumptions and approximations.
Nevertheless,
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they a r e n o t too f a r o f f f r o m r e a l values and, t h e r e f o r e , can be used f o r comparison between t h e d i f f e r e n t motors i n systems b o t h w i t h and w i t h o u t MPPT's. A main assumption i s t h e l i n e a r dependence o f t h e magnetic f l u x on t h e f i e l d c u r r e n t . Another assumption r e f l e c t s t h e f i e l d and armature reactances. The torques would r e s u l t i n somewhat lower values w i t h o u t these assumptions.
MOTOR EQUATIONS
The c i r c u i t diagram o f permanent magnet, s e r i e s , and shunt e x c i t e d motors a r e shown i n F i g . l ( a ) t o ( c ) , r e s p e c t i v e l y . The motor v o l t a g e and t o r q u e equations a r e :
where Vm E t h e motor-electro-motive f o r c e I a R t h e motor armature c i r c u i t r e s t h e s e r i e s motor f i e l d r e s i s t a n c e Rsh t h e shunt e x c i t e d motor f i e l d r e s i s t a n c e C1-C7 c o n s t a n t s
For t h e permanent magnet and s e r i e s e x c i t e d motors we w r i t e :
By d i r e c t c o u p l i n g t h e motor t o t h e s o l a r c e l l s we have :
where V and I a r e t h e a r r a y v o l t a g e and curr e n t , r e s p e c t i v e l y . For t h e purpose o f comparing t h e d i f f e r e n t motor types, i t i s assumed t h a t t h e r a t e d armature v o l t a g e drop ( i n c l u d i n g t h e v o l t a g e drop on t h e brushes) f o r a l l motor types i s 10 perc e n t o f t h e r a t e d motor t e r m i n a l v o l t a g e . T h i s r a t i o ; t h e armature v o l t a g e drop percentage; and t h e motor r a t e d o p e r a t i o n i s used i n t h e analys i s f o r a l l motor t y p e s , i . e . ,
The system's o p e r a t i n g p o i n t IM, VM i s determined by t h e i n t e r s e c t i o n o f the I -V c h a r a c t e r i s t i c s o f t h e s o l a r c e l l a r r a y w i t h t h e I -V c h a r a c t e ri s t i c o f t h e motor (Eq. ( 1 ) ) as shown i n F i g . 2 .
The slope o f t h e motor c h a r a c t e r i s t i c i s 8 = t a n -l 1 / R , and s i n c e t h e r e s i s t a n c e o f t h e armature c i r c u i t i s low, t h e slope 8 i s l a r g e . A t t h e i n s t a n t of motor s t a r t i n g n = 0, t h e r e f o r e E = 0 and t h e motor c h a r a c t e r i s t i c i s thus r e p r esented by a s t r a i g h t l i n e (see Eq. ( 1 ) ) w i t h a slope o f t a n -l 1/R passing through t h e o r i g i n as
and t h e motor t e r m i n a l v o l t a g e a t s t a r t i n g i s :
The motor s t a r t i n g c u r r e n t i s :
1 s t = I ,
I s c +
and t h e s t a r t i n g c u r r e n t r a t i o becomes:
I s t -I S C I T -I F
where T s t and T, a r e t h e s t a r t i n g and r a t e d torques, r e s p e c t i v e l y . This r a t i o i s 1 . 2 (Eq. ( 1 1 ) ) for t h e permanent magnet motor.
The motor s t a r t i n g t o r q u e r a t i o i s g i v e n by
Eqs. ( 4 ) and (151, i . e . ,
T S t I S C
( 1 6 )
Tn -I M S e r i e s E x c i t e d Motor
The motor s t a r t i n g c u r r e n t r a t i o i s :
---I S t -I S C ( 1 7 ) I n 'M and t h e motor s t a r t i n g t o r q u e r a t i o i s g i v e n by Eqs. ( 5 ) and ( 1 7 ) :
Tn T h i s r a t i o (Eq. (11)) i s 1.44 f o r t h e s e r i e s e x c i t e d motor.
Shunt E x c i t e d Motor
We s h a l l f i r s t c a l c u l a t e t h e r a t e d armature A t t h e maximum power p o i n t , c u r r e n t and t o r q u e . + I n t h e f o l l o w i n g equations an equal r a t h e r than an approximate s i g n i s used.
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A t s t a r t i n g ( E = 0 ) . t h e motor i s represented by two r e s i s t o r s connected i n p a r a l l e l : t h e armature
Ra and f i e l d Rsh r e s i s t o r s , i . e . , Ra(IRsh. The motor t e r m i n a l c u r r e n t i s 1 , z I , , , t h e r e f o r e , t h e armature c u r r e n t a
t s t a r t i n g ( a c c o r d i n g t o t h e curr e n t d i v i d i n g r u l e ) i s :
Ra s h I a , s t ' I s c and t h e f i e l d c u r r e n t a t s t a r t i n g i s Ra s h I f , s t I S C The shunt motor s t a r t i n g torque according t o Eq. (8) becomes:
( 2 2 ) (23) i s assumed t o be l o s s f r e e , t h e r e f o r e a l l o f t h e a r r a y power i s d e l i v e r e d to t h e motor l o a d .
The i n p u t / o u t p u t equations o f t h e TVT a r e : VM = kVm and
The motor v o l t a g e e q u a t i o n i s :
Using Eqs. ( 2 6 ) and (27) and s o l v i n g f o r g e t :
A t motor s t a r t i n g E = 0 and Eq. ( 2 8 ) reduces to:
and t h e motor s t a r t i n g t o r q u e r a t i o (Eqs. (20) and ( 2 3 ) ) i s :
Using Eqs. ( 2 6 ) and ( 2 9 ) . t h e motor s t a r t i n g curr e n t i s :
Equation (24) can be approximated by IM > > If and Rsh > > Ra r e s u l t i n g i n :
"t+) 2 (11) i s 0.14, i . e . , t h e s t a r t i n g t o r q u e r a t i o o f t h e shunt motor i s v e r y low and i s u s u a l l y n o t s u f f i c i e n t t o overcome t h e s t a r ti n g t o r q u e o f t h e mechanism. T h i s low v a l u e i s a t t r i b u t e d by t h e low f i e l d c u r r e n t a t s t a r t i n g caused by t h e low v o l t a g e a t t h e motor t e r m i n a l s (Eq.
( 1 3 ) ) .
THE MAGNIFICATION OF THE MOTOR S T A R T I N G TORQUE BY AN MPPT
By matching t h e s o l a r c e l l a r r a y t o t h e motor by means o f a maximum power p o i n t t r a c k e r (MPPT), t h e motor o p e r a t i o n can be improved. The MPPT con-
e -t r a n s f o r m e r ( T V T ) C91 i n which t h e t r a n s f o r m a t i o n r a t i o k i s changed cont i n u o u s l y , corresponding t o v a r i a t i o n i n t h e l o a d o p e r a t i n g p o i n t . A system c o n s i s t i n g o f a s o l a r c e l l a r r a y , an MPPT and a dc motor i s shown i n F i g . 3. The motor i s represented by t h e e . m . f .
E and t h e armature c i r c u i t r e s i s t a n c e R; t h e TVT I n t h e p r e v i o u s s e c t i o n we have c a l c u l a t e d the s t a r t i n g t o r q u e r a t i o s o f t h e d i f f e r e n t dc motors when an MPPT was n o t i n c l u d e d i n t h e system. The s t a r t i n g t o r q u e i s increased when an MPTT i s i n c l u d e d i n t h e system, t h e amount o f which depends on t h e motor t y p e . The m a g n i f i c a t i o n o f t h e s t a r ti n g t o r q u e w i l l now be c a l c u l a t e d . We d e f i n e a torque m a g n i f i c a t i o n f a c t o r mT by t h e r a t i o of t h e s t a r t i n g torque w i t h an MPPT t o t h e s t a r t i n g t o r q u e w i t h o u t an MPPT: TSt w i t h MPPT (31) mT = TSt w i t h o u t MPPT Permanent Magnet Motor The motor s t a r t i n g t o r q u e i s p r o p o r t i o n a l t o t h e motor s t a r t i n g c u r r e n t , t h e r e f o r e , from Eqs. ( 4 ) , ( l l ) , ( 1 2 ) , and ( 2 9 ) . t h e torque magnif i c a t i o n i s : S e r i e s E x c i t e d Motor
The motor s t a r t i n g t o r q u e i s p r o p o r t i o n a l t o the square o f t h e armature s t a r t i n g c u r r e n t , t h e r e - 
Shunt E x c i t e d Motor
A t s t a r t i n g , t h e e q u i v a l e n t motor r e s i s t a n c e i s Ra(IRsh. The motor s t a r t i n g c u r r e n t i s g i v e n by Eq. (301, i . e . ,
(34)
According t o t h e c u r r e n t d i v i d i n g r u l e , t h e armat u r e c u r r e n t a t s t a r t i n g i s : 
~, l l~s h Ra and t h e f i e l d c u r r e n t a t s t a r t i n g i s :
The
motor s t a r t i n g t o r q u e i s p r o p o r t i o n a l t o t h e armature and t h e f i e l d c u r r e n t s , u s i n g Eqs. (11). (21), (22), (35). and (36). t h e torque m a g n i f i c at i o n f a c t o r i s :
i . e . , t h e same v a l u e as f o r t h e s e r i e s motor
VARIATION OF MOTOR STARTING TORQUE WITH INSOLATION
As t h e s o l a r i n s o l a t i o n v a r i e s d u r i n g t h e day, t h e motor s t a r t i n g t o r q u e w i l l v a r y a c c o r d i n g l y . We w i l l a g a i n d i s t i n g u i s h between systems w i t h and w i t h o u t MPPT's.
Motor S t a r t i n q Torque Without An MPPT A t s t a r t i n g , t h e motor c u r r e n t i s a p p r o x im a t e l y t h e s o l a r c e l l a r r a y s h o r t c i r c u i t c u r r e n t , Eq. ( 1 2 ) , and s i n c e t h e a r r a y s h o r t c i r c u i t c u r r e n t i s l i n e a r i l y p r o p o r t i o n a l t o t h e s o l a r i n s o l a t i o n ,
t h e motor s t a r t i n g c u r r e n t i s thus a l s o l i n e a r i l y p r o p o r t i o n a l to t h e s o l a r i n s o l a t i o n ;
I s t , r I s c , r 'r where S and S r a r e an a r b i t r a r y and r e f e r e n c e i n s o l a t i o n , r e s p e c t i v e l y , Is, and I S c , r a r e t h e a r r a y s h o r t c i r c u i t c u r r e n t s corresponding t o S and S r , r e s p e c t i v e l y ; and r denotes r e f e r e n c e .
We d e f i n e an i n s o l a t i o n -s t a r t i n g -t o r q u e -f a c t o r t ( S ) by t h e r a t i o o f t h e motor s t a r t i n g torque a t an a r b i t r a r y i n s o l a t i o n S t o t h e s t a r t i n g t o r q u e a t a r e f e r e n c e i n s o l a t i o n S r , i . e . ,
The t o r q u e f a c t o r for t h e v a r i o u s motor types as f u n c t i o n o f t h e i n s o l a t i o n a r e : 
The r e s u l t s show t h a t t h e s t a r t i n g t o r q u e r a t i o of t h e permanent magnet motor i s l e s s s e n s i t i v e t o i n s o l a t i o n v a r i a t i o n than t h e s e r i e s and shunt e x c i t e d motors.

Motor S t a r t i n g Torque w i t h an MPPT
The o p e r a t i n g p o i n t s o f a system i n c l u d i n g an MPPT w i t h v a r y i n g i n s o l a t i o n a r e a l o n g t h e maximum power l i n e o f t h e s o l a r c e l l a r r a y . The v a r i a t i o n o f t h e a r r a y v o l t a g e i s a p p r o x i m a t e l y l o g a r i t h m i c dependent w i t h i n s o l a t i o n ; and i f we assume a cons t a n t motor v o l t a g e Vm, t o some degree o f accur a c y , t h e motor s t a r t i n g c u r r e n t a c c o r d i n g t o 
where c 8 -C11 a r e c o n s t a n t s . The r e s u l t s show t h a t t h e s t a r t i n g t o r q u e of t h e permanent magnet motor i s l e s s s e n s i t i v e t o i n s o l at i o n v a r i a t i o n than t h e s e r i e s and shunt e x c i t e d motors. Another i m p o r t a n t r e s u l t f o r a l l motor types i s t h a t systems i n c l u d i n g MPPT's a r e l e s s s e n s i t i v e t o i n s o l a t i o n v a r i a t i o n t h a n systems w i t h o u t M P P T ' s . These can be seen by comparing Eq. (40) w i t h ( 4 5 ) . Eq. (41) w i t h ( 4 6 ) , and Eq. (42) w i t h (47). for t h e permanent magnet, s e r i e s and shunt e x c i t e d motors, r e s p e c t i v e l y .
CONCLUSIONS
The s t a r t i n g t o r q u e r a t i o and t h e v a r i a t i o n o f t h e s t a r t i n g t o r q u e w i t h i n s o l a t i o n o f t h e permanent magnet, s e r i e s and shunt e x c i t e d dc motors powered by s o l a r c e l l a r r a y s were c a l c u l a t e d f o r systems w i t h and w i t h o u t a maximum-power-point t r a c k e r (MPPT).
The s t a r t i n g t o r q u e m a g n i f i c a t i o n f a c t o r was defined by t h e r a t i o o f t h e s t a r ti n g t o r q u e o f t h e motor w i t h an MPPT t o t h e s t a r ti n g t o r q u e w i t h o u t an MPPT. The r e s u l t s a r e summarized i n Table I and shows t h a t h i g h magnif i c a t i o n o f t h e s t a r t i n g t o r q u e o f dc motors i s o b t a i n e d i n systems i n c l u d i n g MPPT's. Although
t h e t o r q u e m a g n i f i c a t i o n o f the shunt e x c i t e d motor i s h i g h , t h e s t a r t i n g t o r q u e remains low, i . e . , l e s s than t h e r a t e d torque. Another import a n t r e s u l t i s t h e e f f e c t o f i n s o l a t i o n on t h e motor s t a r t i n g t o r q u e i n systems i n c l u d i n g MPPT's. A l l motor types a r e l e s s s e n s i t i v e t o s o l a r i n s o l at i o n v a r i a t i o n i n systems i n c l u d i n g MPPT's as compared t o systems w i t h o u t MPPT's. This r e s u l t i s summarized i n Table 11 . The r e s u l t s o f t h e p r e s e n t s t u d y were o b t a i n e d f o r a l i n e a r motor model. The a n a l y s i s presented may a s s i s t t h e PV system designer t o determine t h e s t a r t i n g torques and t h e i r v a r i at i o n w i t h i n s o l a t i o n f o r t h e d i f f e r e n t dc motor types when MPPT's a r e i n c l u d e d i n t h e systems. 
